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Abstract 

This article proposes an effective criterion for lifting automor- 
phisms of regular coverings of graphs, with the covering transforma- 
tion group being any finite abelian group. 

1 Introduction 

First let us recall some terminologies in graph theory. For more one can refer 

to 0, m, 0, p. 

We suppose that all graphs are finite, simple and undirected. For a graph 
T, denote an edge connecting the vertices u, v by {u,v}; each edge {u,v} 
gives rise to a pair of opposite arcs (u,v) and (v,u). Use V (T) , E (T) , A(T) 
to denote the set of vertices, edges, arcs of T, respectively, and use Aut(T) 
for the automorphism group. 

A graph is the same thing as a one- dimensional simplicial complex (see [5], 
page 104) with orientation forgotten. A covering of graphs 7r : V — > T 
is a simplicial covering map of one-dimensional simplicial complexes. It is 
called regular (or an A-covering) if there is a subgroup A of the covering 
transformation group K that acts regularly on each fiber. Moreover A = K 
if T is connected. 

An automorphism a G Aut{T) is lifted to a 6 Aut{T) if rta = an. The 
image of an arc h (or a walk W) is denoted h a (respectively W a ). 
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Let A be a finite group. An A-voltage assignment of T is a function 
: A(T) — > A such that 4>{u,v) = for all (u,v) G A(r); the values 

of are called voltages. The graph r = T x^ A derived from cf) is defined by 
V{t) = V(T)xA, and E(t) = {{(u,g), (v, <f>{u, v)g)}: {u, v} G £(r), p G A}. 
The first coordinate projection tt: T = Tx^A^-T makes an A-coverings. 

Given a spanning tree T of T, each edge e G E(T) — E(T) is called cotree. 
A voltage assignment (f> is called T-reduced if the voltage associated to each 
tree arc is the identity. It was shown in [3] that every regular covering of T 
is isomorphic to a derived graph from a T-reduced voltage assignment with 
respect to an arbitrary tree T. 

The voltage assignment <fi naturally extends to walks in V . For any walk 
W, let 4>(W) denote the voltage of W. 

We are able to give a nice solution to the following problem: 

Problem 1.1. Given a graph V, a regular covering V A with A a finite 
abelian group, and an automorphisms a ofT, decide whether a can be lifted. 

The following proposition of [7] plays a key role: 

Proposition 1.2. Let V = T A be a regular covering. Then an automor- 
phism a of T can be lifted to an automorphism of T if and only if, for each 
closed walk W in T, one has 4>(W a ) = if 4>{W) = 0. 

Recently much attention has been paid to the automorphism lifting prob- 
lem. The motivation was to construct highly transitive graphs, and now is 
from different sources, for instance, to classify symmetries of graphs. In [2] 
a linear criteria is proposed for the case that A is elementary abelian, and 
applied to classify arc-transitive A-coverings of the Petersen graph. In [9] 
the authors classify all vertex-transitive elementary abelian coverings of the 
Petersen graph; the method, developed by themselves in [8], is finding in- 
variant subspaces of a group representation. Other results are [B], [TU], and 
so on. 

To the automorphism lifting problem for arbitrary finite abelian groups, 
we contribute a criterion based on a theory for diagonalizing matrices over the 
ring TLjp k . The criterion is easy to run, in that, one only needs to calculate 
some matrices derived from input data, and check whether the entries of the 
resulted matrices satisfy certain conditions. We believe that classifying finite 
abelian symmetries of graphs, at least for small graphs, is possible in the 
near future. 
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We discuss a property of matrices over Z/p k in Section 2, and apply it to 
give a criterion for lifting automorphisms in Section 3; in Section 4 a practical 
algorithm is presented and illustrated via an example. 

Here are some notational conventions. Operations in abelian groups are 
written additively. For a matrix C, denote its (i, j)-entry by Cij, and we 
often write C = {C^f). For a ring 7Z, let Ai mxn (7V) be the set of all m x n- 
matrices with entries in 7Z. Let Ai n {7Z) = Ai nxn {7Z), and let GL(n,7Z) be 
the set of invertible ones. 

2 On matrices over 7j/p k 

Let p be a prime number, and R = r Ljp k . The ring R is no longer an integral 
domain. Nevertheless, we shall see that finitely generated modules over R 
share some structures with those over a Euclidean domain. 

We can talk about the divisibility of an element A G R by p r , ^ r < k, 
without ambiguity. Note that A is invertible if and only if it is not divisible 
by p; it follows that if A is invertible and A' is not, then A + A' is invertible. 

Also, for X G M mxn (R), K G Mkxi{R),C G .M nxfc (Z), it is meaningful 
to talk about XC G M m xk{R),CK G M n xi(R)- 

Definition 2.1. For ^ A G R, the p-degree of X, denoted d p (X), is the 
largest integer r, ^ r < k such that p T \\. For convention set d p (0) = k. 

Definition 2.2. A nonzero matrix X = (Xi t j) G -M mxn is in normal form 

if Xij = o~ijp ri for some integers r 1; • • • , r m , with 0^r 1 ^---^ri<k = 
H+i = • " • = I'm for some I ^ min{m, n}. 

Lemma 2.3. For each O^lG M m xn{R), there exist Q G GL(m, R),T G 
GL(n,R) such that QXT is in normal form. 

Proof. The result is analogous to that of matrices with entries in Z (see pQ, 
page ), and is proved by showing that X can be changed into normal form 
by a series of row and column transformations. 

Choose an entry X il j 1 ^ with smallest p-degree, and let r\ = d p {Xi lt j^). 
Interchange the Zi-th row of X with the first row, and the ji-th column with 
the first column, and divide the first row by Xi li j 1 /p ri . The matrix obtained 
has (1, l)-entry p ri , dividing all entries. Then perform row-transformations 
to eliminate the (i, l)-entries for 1 < % ^ m. Denote the new matrix by 
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Doing the same thing to the submatrix 1 ^ i < m,j < n, of 

X« changes X« into X^ = (X$), with xg = p r \ xg = p r * dividing 

xg } , Vi ^ 2; n < r 2 , and X, ( J = for i > j, j G {1, 2}. 

Continue this process. Eventually there is some Z ^ m, n, such that 
= (xg) satisfies XjJ = p r *|xg, VI ^ i ^ Z; r x ^ • - • ^ n < Jfe; xg = 
for j < i ^ I or i > I. 

Finally, perform column transformations to X®, to eliminate all the "off- 
diagonal" entries. Then the resulted matrix is in normal form. □ 

The following corollary, which is an analogue of the structure theorem of 
finitely modules over a Euclidean domain (see p] page 475), is easy to prove. 
We state it without proof since it is never applied in this article. 

Corollary 2.4. Every finitely generated 7Ljp k -module has a set of generators 
{xi, ■ ■ ■ ,xi} such that there is no relation other than p Ti Xi = 0, i G {1, • • ■ , I}, 
with < ri ^ • ■ ■ ^ ri < k for some integers r\, ■ ■ ■ , rj. 

In the end of this section, we point out that all the results here can be 
generalized when 'L/p k is replaced by Z/X for any natural number N . 

3 Criteria for lifting automorphisms 
3.1 Set up 

From now on, we make the followings assumptions. 

(1) The abelian group A = f\ A J: with = Yl 5 the prime 

7=1 r)=l 

numbers Pi,- ■ • ,p g being distinct, and k(j, 1) ^ • • ■ ^ k(j, a 7 ) for each 7. 

(2) For each edge e G E(T), one of its arcs is chosen and denoted h(e). 

(3) A spanning tree T and a vertex vq G V(T) are chosen. For v±,V2 G 
V(r) = V(T), let W(vi,V2) denote the unique reduced walk from vi to v%- 
Let e\, ■ ■ ■ ,e t be all the cotree edges, and for 1 ^ i ^ t, suppose the chosen 
arc for is ft.(e») = (wj, %); let Lj be the unique closed reduced walk based 
at vq and containing Zi(ej), that is, Lj = lf(tJ , u,) U hfa) U VF(%, Vq). 

(4) The voltage assignment <f> is T-reduced, so (f)(h(e)) = 0, Ve G E(T). 

It is well-known that the first homology group ifi(r;Z) = Z* (see [5], 
page 43) has a basis represented by Li, • • • , Lt- 
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The voltage assignment induces a group homomorphism 

~4> : Hi(T; Z) ->■ A. (1) 
Now each automorphism a G Aut(T) induces an isomorphism 

a* : #i(r ; z) -> //i(r ; Z). (2) 

Let G GL(t, Z) denote the corresponding matrix, so that 

t 

= »"),,/-,• (3) 

i=i 

Proposition 1.2 can be reformulated as 
Proposition 3.1. The automorphism a can be lifted if and only if 

Ker(<p) = Ker((f) o a*). (4) 

Denote 0< = 4>(Li) = 0(L;) G A. Suppose 4 = (0f\--- with 
6^ G A 7 , and for each 7, suppose further that = (#J 7) (1), • • • , flJ^K)), 

with f ) ( f) )ez/j ) ; (w) . 

Note that for all 1 ^ r] ^ a 7 there is a monomorphism 



: Z/p*<™> Z/p k ^' a ->\ A ^ p k ^)- k ^) . A (5) 
Let 5 7 G A^ tX a 7 (Z/p7 < ' 7 ' a7 ' ) ) denote the matrix given by 

(Bj id = h M ) V))- (6) 

Then iu = (w\, ■ ■ ■ , iu t ) G Z* G Ker(4>) is equivalent to 

wfi 7 = 0, VI ^ 7 < g. (7) 

At last, to be convenient, we make the following 

Definition 3.2. For a ring 1Z, and a matrix X G Ai mxn (7l) , the zero set of 
X in 1Z m , denoted Z(X), is the set of the row vectors w = (wi, • • • , w m ) G lZ m 

m 

satisfying wX = 0, or explicitly, WiX it j = 0, VI ^ j ^ n. 

i=i 



3.2 The case of one prime factor 

Suppose g — 1. We simplify notations by p — p\, a — a±, k = k(l,a), 
B = B U R = Z/p k . 

For a matrix X G Mixm(R), let (X) denote the subgroup of i? m generated 
by the row vectors of X. 

Since B G .M txa (-R), by Lemma 2.3 one can choose Q G GL(t, R),T G 
GL(a, R) so that QBT = B° is in normal form, (B%j = 5 i:j p s \ 

Let P G M (t _ i0+1)xt (#) with Pij = 6^-^ -p k - s i\ Clearly Z(B°) = (P) 
and = Z{B°)Q = (PQ). 

Theorem 3.3. Choose Q,T such that B° = QBT is in normal form, (B°)ij 
= o~ijP Si , with i the smallest i such that Sj > 0. Then a can be lifted if and 
only zfdeg p ((QS a Q- 1 ) id ) > s { - Sj, Vi > j. 

Proof. By Proposition 3.1, a can be lifted if and only if Z(S a B) = Z(B), 
that is, (PQS a ) = (PQ). 

If (PQS a ) = (PQ), then P(QS a Q- r ) = UP for some U G M t - io+ i(R), 
implying deg p ((QS' a (5" 1 )i J ) ^ - s^, Vi > j. 

Conversely, if deg p ((QS' a (5~ 1 )i, : ,) ^ Si — Sj,Wi > j, then, using the charac- 
terization that (u>i, • • • , w t ) G (P), it is easy to see that (P(QS a Q~ 1 )) ^ (P). 
Since the subgroup (P(QS a Q~ 1 )) has as many elements as (P) does, we have 
(PiQS^- 1 )) = (P), and hence (PQS a ) = (PQ). 

□ 

3.3 The general case 

Let N = fl P k ^' ai \ P 7 = Z/p^'^ for 7 G {1, • • • , g), and let i? = Z/JV = 
7=1 

fii x ■•• x There are canonical projections g 7 : R -» i? 7 and injections 
t 7 : i? 7 ^ R which induce maps g 7 : R l -» R^ and t 7 : i? 7 )■ it!*, respectively. 

7-1 7 
Let B e M. 9 (R) be given by, for X] a r? < J ^ X] a r?> 
*x( E a i) n=i n=i 

B id = t 7 ((-B 7 ) 7 -i )• (8) 

*J- E a >7 

,7=1 

Lemma 3.4. Z(SB) = Z(B) in R l if and only if Z(SBJ = Z(B 1 ) in R\ 
for each 7. 



6 



Proof. Note that w E Z(B) if and only if q y (w) E Z(BJ, V7; w E Z(SB) if 
and only if q y (w) E Z(SB J ),y r y. Moreover, for each 7, a vector E Z(B^) 
if and only if h (w^) E Z(B), and E Z(SB 1 ) if and only if t>W) E 
Z{SB). 

The lemma then follows. □ 

Since a can be lifted if and only if Z(SB) = Z[B) in it!*, applying this 
lemma we are able to establish the following 

Theorem 3.5. For 7 E {1, • ■ ■ , g} 7 choose Q y E GL(t : i? 7 ), T 7 e GL(a 1) R 7 ) 
so that B® = Q 1 B~ f T 1 is in normal form, (B®) it j = SijPj 7 ' 1 , with i 7; o the 
smallest i such that s 7ji > 0. Then a can be lifted if and only if for each 7, 
deg P7 ((<2 7 S Q Q;;%-) ^ s 7)i - s 7j , Vi > j. 

4 Conclusion and example 

Summarizing the last section, we write down the algorithm. 

Algorithm 4.1. Under the assumptions in the beginning of Section 3.1. 

1. Determine the "basic loops" L 1; ■ ■ ■ ,L t . Let 6i = 0(Lj) E A, make the 
matrices B y for 1 ^ 7 ^ g, as in (6). 

2. Calculate the matrix S a representing the action of a on Hi(T; Z), that 

t 

is, a* (L^ = J2( sa )i,j L j- 
i=i 

3. For each 7, choose Q 7 ,L 7 to normalize B^ so that (<5 7 -B 7 T 7 )jj = 
Sijpy", with = s 7) i = • • • = s 7 ,i 7j0 _i < s 7 ,j 7i0 ^ • • • < s 7)t . 

^. If deg p ^((Q y S a Q~ 1 ) i j) > s 7ji - s 7J - ; Vi > j, V7, £/ien a can 6e ii/ted. 
Otherwise not. 

The matrix S' a can be determined as follows: the entry Sfj is the algebraic 
sum of the times that h(ej) appears in the walk (Lj) a . Here an arc is denoted 
—h(ej) if it is opposite to h(ej). 

We now illustrate this algorithm by an example. 

Example 4.2. Take F to be the Petersen graph. Let X = {a,b,c,d,e}, and 
V = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} ; where = {a, b}, 1 = {c, d}, 2 = jc, e} ; 3 = 
{d,e}, 4 = {a,e} 7 5 = {b,e}, 6 = {a,d} ; 7 = 8 = {a,c} ; 9 = {6,c}. 

TTie Petersen graph has V(T) = V and E(T) = i,j E V,iC\j = 0}. 

It is known that Aut(T) = S 5 , the action being induced from that on X. 
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Fix a spanning tree T as in Figure 1(a), Vq = 0; the induced subgraph is 
shown in (b). For each cotree edge {i,j}, choose the arc with % < j. 

Let h = (5, 8),h 2 = (7, 8), h 3 = (4, 7), h 4 = (4, 9),h 5 = (6, 9), h 6 = (5, 6). 

Take A = Z/2 x Z/2 x Z/4. 

Define the T-reduced voltage assignment (ft by Q\ = (1, 1,1), 2 = (1, 0, 2), 
fl 3 = (1, 1, 2), 4 = (1, 0, 3), 5 = (1, 1, 0), 6 = (1, 0, 0). 

Le£ ai = (0)(2)(13)(67)(49)(58), a 2 = (4)(7)(19)(56)(28)(03), 
a 3 = (0)(123)(468)(579), a A = (0)(1)(2)(3)(45)(67)(89). 




Figure 1: (a) The spanning tree T; (b) the induced subgraph 
Now the algorithm is run as followings. 



1. We have t — 6. From 6 1 , ■ • ■ , 9 6 we obtain B 
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3. Normalize B into B° 
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For k = 1 or 4, the matrix QSkQ 1 satisfies deg MQSkQ 
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Sj,Vi > j. But for fc = 2 or 3, it does not; for instance, (QS2Q~ 1 )2,i 
3,(QS 3 Q- 1 ) 2 , 1 = 1. 

We conclude that 0:1,0:4 can be lifted, while 0:2,^3 cannot! 
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